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^ ' Abstract. In open quantum systems, entanglement can vanish faster than coherence. This phenomenon is usually called 

Q , sudden death of entanglement. In [M. O. Terra Cunha, New J. Phys. 9, 237 (2007)] a geometrical explanation was offered and 

a classification of all possible scenarios was given. Some classes were exemplified, but it was still an open question whether 
there were examples for the other ones. This was solved in [R. C. Drumond and M. O. Terra Cunha, arXiv:0809.4445vl]. 
' Here we briefly review the problem, state our results in a precise way, discuss the generality of the approach, and add some 

fSJ , speculative desirable generalizations. 
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1, INTRODUCTION 



^ \ Entanglement is a valuable property of some quantum states. In the last few years attention was called to its time- 

evolution in the context of quantum open systems 1 1]. In special, it has been considered a counterintuitive fact that for 
some systems and initial states, entanglement can vanish in finite time, while coherences only disappear asymptotically. 
Intuition was put in the right perspective in the paper |2], with a geometrical picture of entanglement dynamics given 
^ ' in terms of the position of asymptotic states with respect to the important subsets of entangled and separable quantum 

''si" , states. Despite the classification problem be completely characterized in this picture, the existence of examples for 

' some classes stayed unclear until the recent reference [3]. 

, The present contribution will take the opportunity to state this results in a more general form, to discuss the deepness 

and also to clarify a new probabilistic approach to the question: given a quantum system what will be the typical 
behavior of entanglement? Finally, we make some considerations on the more ambitious project, related to the so 
called Palis Conjecture, discussing what would be the behavior of a typical open quantum system. 



2. STATEMENT OF THE RESULT 



5h ' For the sake of clarity, we will state our main result as a Theorenfl Despite the fact that the majority of the discussions 

^ be made using the two-qubit context, the results are much more general, as we may discuss latter on in this paper 

Let us prepare the context first. We call D the set of all quantum states (in the sense of density operators) of a given 
system. This closed convex set has a (closed and convex) subset S, of separable quantum states, and the complement 
E = D\S is made of the entangled states. As we are concerned with time varying quantum states (which can be 
considered as curves on D), it becomes important to consider a trichotomy {intS,dS,E}, where intS denotes the 
interior of the set S, which sometimes we call deeply separable stated dS is the boundary of the set S (relative to D) 
and we remember that E can be considered as an open set relative to D (i.e. any point of E has a neighborhood of 
points of D totally contained inE). 



Pretty much inspired on Prof. I. Volovich, who would usually ask to a contributor: "what is your theorem?" 
^ Here we restrict our attention to the finite dimensional case, where it is known0l that S has positive measure when D is given the normalized 
measure 1. 



When a quantum system evolves in contact with a reservoir, it is typical to have a set (unitarjQ or not) of 
asymptotic states. Let us denote this set by A. The behavior of the time evolution of entanglement can be classified 
and characterized in terms of the relative position of such sets. The situation can vary depending on the cardinality of 
A (denoted |A|). The results are summarized in the following classification and existence theorem: 

Theorem With the above definitions of D, S, int S, dS, E and A, any quantum open system with linear 
dynamics and nontrivial set A of asymptotic states belongs to one, and only one, of the following classes 

1. A = {p„} with Pa G intS; 

2. A = {pa} with Pa e dS; 

3. A = {pa} with Pa e E; 

4. |A| > 1 with A C intS; 

5. |A| > 1 with An 55 7^0; 

6. |A| > 1 with A C E. 

Moreover, examples of quantum systems can be obtained for each of these classes. 

3. IDEA OF THE PROOF 

The proof of the classification part of the Theorem is simple. If A is nontrivial, it must be unitary or larger. The first 
three classes correspond to the unitary case, and each class corresponds to the only element p„ belonging to one of 
the three mutually exclusive alternatives intS, dS, and E. For the larger A situation it is important to recognize that 
linearity of quantum evolution implies a convex (hence connected) A. The first question is whether A fl (95 is empty. 
In negative case, the system belongs to the fifth class, in affirmative case, in order to avoid dS, A must be contained in 
one of the alternatives: intS or E. 

The existence part is constructive. We explicitly give examples for each class, as can be checked on ref. |j3[]. It is 
interesting to note that for the construction of the examples it was sufficient to consider two qubits; however, it was 
necessary to allow non-autonomous systems. 

4. INTERPRETATION AND GENERALITY 

First of all, the geometric interpretation of entanglement time evolution demystify the phenomenon of sudden death of 
entanglement. If A C int S, any initial state needs to lose entanglement in finite time in order to approach the asymptotic 
set. 

Moreover, the classification scheme also allows for the counterpart of this phenomenon, whenever A C £. In such a 
case, irrespective of the initial presence of entanglement, after a finite amount of time there will be some entanglement. 

The more interesting situations are the intermediate ones. The situation A — {p„}, Pa G dS has already received 
special attention in the literature Jsj], with the simple and interesting example of two independent qubits spontaneous 
decaying. Depending on the initial state (even with the same amount of initial entanglement) entanglement can die in 
finite time or only asymptotically. This is vary natural, since p„ can be approached both, by p (f ) g 5 ("sudden death") 
or p (?) G £■ ("eternal life"). In such cases (ACidS 0), an important refinement of this study can be made case by 
case: if both situations are possible, which one is prevalent? In what proportions do they happen? This can be well 
defined |3i] in terms of the measure of the sets of initial states with each foreseen fate. 

It must be clear that, despite the fact that much of our discussion focus on two-qubit examples for simplicity, 
our results apply as well for higher dimensionality and for the multipartite context, when we can define more than 
one kind of entanglement. In this case, S must be considered as the states which do not have the specific kind of 
entanglement one wants to consider and all the previous reasoning apply. Of course, quantitative statements vary. 
Also, it is interesting to recognize that for the multipartite scenario, one can have a hierarchy of entanglements, and 
very interesting pictures can be draw including cases when all entanglements vanish together ^ or the more general 
situation when the family lose one member per time. 



^ Unitary here, and throughout the paper, means with only one element. 



5. MORE SPECULATIVE COMMENTS 



An even more ambitious plan wouldbe to relate this study of time evolution of entanglement to the so called Palis 
Conjecture on dynamical systems |7]. In a precise way, Palis enunciate that the vast majority of hyperbolic dynamical 
systems has a finite number of attractors, whose basins gives a set of total measure in the phase space. 

Here, as quantum mechanical evolutions are simpler than general hyperbolic dynamics on manifolds, we could 
dream of parameterizing the set of possible evolutions for a well defined system (e.g. two qubits), and of finding a 
meaningful measure on such a set, in order to give quantitative answers to the question what is the typical behavior of 
a quantum system? 
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